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The mechanism of cake formation is studied in 2-0 cross-flow filtrations. By analyz- 
ing the forces exerted on a depositingparticle, the value of the critica1,hction angle, p,, 
which leads the particle to be stuck on the contact position, is determined. Not onb the 
probability of particle deposition but also the size distribution of deposited particles can 
be calculated from the theoretical value of p,. Numerical programs are constructed to 
simulate the packing structure and size distribution of particles in a formed cake and the 
path of cake compression. The local cake properties in the cake, such as local porosity 
and local specific filtration resistance, are also estimated by appljing the design program 
and the data of filtration volume us. time. The predicted values of ave>rage cake porosity 
and average specific filtration resistance agree vely well with the experimental data. 

Introduction 
Cross-flow filtration is a mode of solid-liquid separation 

where slurry flows tangentially across the filter medium while 
filtrate permeates the septum vertically. Since the growth of 
cake will be limited by the shear stress acting on the surface 
of the filter medium, this mode of filtration has the advan- 
tages of thinner cake, higher filtration rate, and longer oper- 
ating period compared to cake filtration. It has attracted not 
only the attention of plant engineers, but also many re- 
searchers in the field of filtration. 

The attenuation of filtrate flux during a cross-flow filtra- 
tion is always due to the deposition or fouling of particles, 
which form a so-called “dynamic membrane” on the primary 
membrane (Murkes and Carlsson, 1988). In order to under- 
stand the mechanism of formation of the dynamic membrane 
in the cross-flow filtration, several theories have been pro- 
posed. The concentration polarization theory has been used 
to predict the filtration rate at steady state by using a diffu- 
sion model (Porter, 1972; Zydney and Colton, 1986). This 
theory has been extended by Davis and Leighton (1987) to 
calculate the profiles of concentration and velocity of slurry 
in the polarized layer and by Romero and Davis (1988) to 
estimate the variation of the polarized layer thickness along 
the axial direction. Romero and Davis (1990) have developed 
a model to discuss the effects of operating parameters on the 
transient performance of cross-flow filtration. Applying the 
hydrodynamic model, various investigators (Green and 
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Belfort, 1980; Kleinstreuer and Chin, 1984; Altena and 
Belfort, 1984; Belfort, 1989; Lu et al., 1993) have analyzed 
the flow pattern of fluiid and trajectories of particles in a 
cross-flow filter. The transported flux of particles arriving at 
the filter medium is therefore given by the calculations. On 
the other hand, the phenomenon of selective deposition of 
particles in cross-flow filtration has been discussed by Fischer 
and Raasch (1986) and has been modified by Lu and Ju (1989) 
to derive a relationship among the physical properties of par- 
ticles and operating conditions with the selective critical cut- 
diameter of deposited particles. In addition, the effects of the 
profiles of fluid velocity and particle concentration on the 
rate of particle deposition and the attenuation of filtration 
rate have been discussed by Lu et al. (1993). Although many 
researchers have studied the effects of operating variables on 
the performance of cross,-flow filtration, none has focused at- 
tention on the properties of the formed cake that have very 
important influence on the rate of filtration. 

Computer simulation has been widely used to study the 
packing structure of particles. Houi and Lenormand (1986) 
used a sticking model to describe the depositing process of 
spherical particles on filter fibers. The cake structure can be 
simulated under various sticking angles and various Peclet 
numbers of particles. Tassopoulos et al. (1990) have devel- 
oped a discrete stochast IC model to simulate the phenomena 
of particle deposition on a substrate surface. In their study, a 
probability concept was applied to take the Brownian motion 
of particles into account. Schmitz et al. (1990) have analyzed 
the flow pattern of a fluid near to and in the membrane pores 
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in a cross-flow filtration and have developed a trajectory 
model to simulate the particle deposition on the membrane 
surface. The phenomenon of cake compression during filtra- 
tion, however, has not been considered. Sharma and Lei 
(1991) have studied the properties of a clay filter cake by 
using a structural network model, and the factors that affect 
the properties of filter cake have been also discussed. Lu and 
Hwang (1993) have studied the mechanism of cake formation 
in constant pressure “dead-end” cake filtrations. In their in- 
vestigation, the concept of a critical friction angle between 
spherical particles was adopted to simulate the structure of 
the deposited filter cake. By considering the compression ef- 
fect caused by liquid drag, they were able to predict the pro- 
files of local cake properties, such as porosity, specific filtra- 
tion resistance, and hydraulic pressure from a set of simple 
filtration data. 

To study the mechanism of cake formation in cross-flow 
filtrations, this study analyzes the forces exerted on the de- 
positing particle to find out how the particles will deposit on 
the cake surface. A numerical program is then designed to 
simulate the local cake properties, such as particle-size distri- 
bution, porosity, and specific filtration resistance, under vari- 
ous operating conditions. 

Theory 
Criticalfriction angle of particles on the cake suiface 

Particles in slurry are carried by liquid toward the filter 
septum and will deposit on the septum to form a filter cake 
during cross-flow filtration. Figure 1 depicts the formation of 
a filter cake in a cross-flow filtration system, in which particle 
B is a deposited particle while particle A is a particle just 
arriving at the surface of particle B.  The angle of friction, p, 
shown in Figure 1 is introduced to examine the stability of 
particle A at the touching position. Since a larger value of p 
will result in less friction between these two particles, it will 
cause particle A to be more easily swept away from the con- 

’ C L  suspension flow 

filtrate 

Figure 1. Forces exerted on the two characteristic parti- 
cles staying on cake surface in a cross-flow 
filtration. 

deposition 

I sweep away 
Figure 2. Selective deposition of particle A on particle 

8. 

tact point by the tangential bulk flow of slurry. When angle /3 
is smaller than a critical value, &, there exists sufficient fric- 
tion that causes particle A to deposit stably on particle B at 
the contact point. The schema of this selective deposition of 
particles is shown in Figure 2. 

The value of critical angle of friction changes depending 
on the properties of particles, such as the interparticle forces, 
the shape and size distribution of particles, and the condi- 
tions of cross-flow filtration. Prior to obtaining the value of 
p, in a cross-flow filtration for a given particle, the forces 
exerted on the depositing particles will be analyzed as fol- 
lows. 

Since the size of particles in a slurry is very small com- 
pared with the thickness of the laminar sublayer in a turbu- 
lent cross-flow filtration, the analysis of forces exerted on 
particle A is limited to that within the laminar sublayer. The 
drags and other forces exerted on particle A as shown in 
Figure 1 can be summarized as (1) tangential drag parallel to 
the filter medium, F,; (2)  net drag normal to the filter 
medium, F,; (3) the net gravity force, Fg; and (4) interparticle 
forces, Fi (such as Van der Waals’ force, electrostatic force). 
In the scope of this study, the diameter of most particles is 
limited to be larger than 1 pm, which makes the effect of 
Brownian motion of particles negligibly small. When the fric- 
tion between particles A and B reaches a sufficient value, 
particle A will stick to particle B at the contact position. 
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Under this critical condition, the force balance for the de- 
positing particle, A ,  can be given as 

(F ,  + Fn)cos p, + F,sin p, 

= f,[ F, + ( Fg + F,) sin p, + F, cos p, 1, ( 1 )  

where f, is the static friction coefficient between particles. 
The lefthand side of Eq. 1 is the tangential force exerted on 
particle A ,  while the righthand side is the friction force. Each 
term in Eq. 1 will be analyzed prior to solving for p,. 

Since the Reynolds 
number of flow in the laminar sublayer above the septum is 
always very small, the equations of motion and their bound- 
ary conditions both can be seen to be linear; therefore, the 
drag exerted on the particles can be solved for by using the 
reflection method, in which the velocity field is decomposed 
into a sum of subfields (Happel and Brenner, 1965). The be- 
havior of the formed cake is treated as a porous medium 
except for the specific particles (such as particles A and B )  
to simplify the system. Thus, the flow field normal to the fil- 
ter medium can be shown as in Figure 3a. In such a system, 
only the conditions of the two particles and the porous 
medium need to be considered, and the drag exerted on par- 
ticle A normal to the filter medium is therefore given by 

Net Drag Normal to the Filter Medium. 

where a is the radius of particle A ,  uA is the relative velocity 
of particle A with respect to fluid flow, and ugnA is the ve- 
locity field produced by reflection for the zeroth time from 
particle B and evaluated at particle A. The superscript c 
represents the reflected velocities due to the existence of the 
porous medium. From the analysis of Lu and Hwang (1993) 
for a similar system, the drag exerted on particle A can be 
expressed as 

( 3 )  

where b is the radius of particle B,  R ,  is the filtration resis- 
tance of the porous medium, and i and k are the unit vectors, 
the directions of which are parallel and vertical to the line 
connected with the centeir of particles, respectively. The R, 
term appears in the preceding equation due to the existence 
of the porous medium, which is quite different to the parti- 
cles in an infinite flow field (Goren, 1979). In such a system, 
the net velocity of particle A ,  with respect to fluid flow, uA, 
can be given as 

where q is the superficial velocity of the permeating fluid 
while ul is the lift velocity of particle due to the inertial effect 
of tangential slurry flow. Vasseur and Cox (1976) have ana- 
lyzed the lift force exerted on a neutrally buoyant spherical 
particle in two-dimensional shear flow. According to their re- 
sults, uI can be expressed as 

. ,  

Figure 3. (a) Vertical flow around the depositing particle; (b) parallel flow around the depositing particle. 

f i l t rate 
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where 6 is the thickness of the laminar sublayer, u, is the 
tangential fluid velocity at the interface between the laminar 
sublayer and turbulent core, u is the kinematic viscosity of 
the pure fluid, and K is the ratio of the distance between 
particle A and porous medium to 6, that is, K = h,/6. For a 
fluid flowing turbulently in the two-parallel-plate cross-flow 
filtration filter, 

(6) 

where u* is the friction velocity, us is the average tangential 
velocity of fluid, and f is the Fanning friction factor. The 
experimental data of Belfort (1988) show that the value of f 
is higher for a flow in a porous tube than for a Poiseuille flow 
in a nonporous tube. Since in a filtration system the rough- 
ness of the cake surface varies with time as well as with the 
size of particles of the formed cake, it is quite difficult to 
have a simple expression to demonstrate this effect, so the 
value of f is estimated by the value of turbulent flow within a 
two-parallel-plate system, f = 0.079 Re-’/4, in this study for 
the sake of simplicity. Since the distance between particle A 
and the septum can be written as 

h ,  = b + [ ( a +  b)sin p - a ] ,  

and K is given by 

(7) 

it follows that F,, can be calculated by Eq. 3 if the operating 
conditions are known. 

If the pore 
openings of the filtration septum correspond to a very small 
fraction of the septum area, the nonslip tangential flow can 
be assumed. Therefore, the flow field of fluid parallel to the 
filter medium can be simplified as in Figure 3b. In this flow 
field, the drag exerted on particle A can be expressed as 

Tangential Drag Parallel to the Filter Medium. 

where u represents the velocity subfield in the direction that 
is parallel to the filter medium, and the superscripts and sub- 
scripts in the equation are defined as in Eq. 2. 

The undisturbed velocities of fluid at the gravity center of 
particles can be expressed as 

u, = (2) [ b + ( a  + b)sin /3 1, 

u B =  ( 2 ) b .  

(9a) 

(9b) 

Following the analysis of Lu and Hwang (19931, the re- 
flected velocity from particle B on particle A ,  uBOA, can be 
given as 

Goldman et al. (1967) have used the reflection method to 
analyze the forces and torques exerted on a stagnant particle 
that stays in a simple shear flow field near a flat plane. Their 
results can be extended to calculate u i O A  as 

9 a 
16 b + ( a  + b) sin p . U i O A  = ~ UA- (11) 

For the flow field as shown in Figure 3b, O’Neill (1968) 
indicated that the corrected factor for Stokes’ law due to the 
existence of a filter wall should be 1.7009; therefore, 

ukOA = -1.7009~BO~. (12) 

Substituting Eqs. 9-12 into Eq. 8, F, can be given as 

F,=67rpa (2j - [ b + ( a + b ) s i n p ]  

36 
2( a + b) b + ( a  + b) sin p x (icos p [ 1 + ~ ( 

a 1 

I1 

9 
16 b + ( a + b ) s i n p  

+- 

+ks inp  [ 1----- 4(a3: b) ( b +::::in /3 

9 U 

16 b + ( a  + b)sin /3 
+-  (13) 

Net Grauity Force of the Particle. The net gravity force of a 
spherical particle can be expressed as 

Interparticle Force and Friction Factor between Particles. 
Applying the concept of the selective deposition of particles 
in a cross-flow filter (Lu and Ju, 19891, the net interparticle 
force and the friction factor between particles can be deter- 
mined by conducting a cross-flow experiment for the given 
slurry (Lu and Hwang, 1993). According to this method, a 
series of experiments can be carried out to obtain the values 
of interparticle forces and friction factor for a given size of 
particles. 

Once all of these forces and the friction coefficient be- 
tween particles have been obtained under various conditions, 
the critical angle of friction, p,, for each size of particles in 
slurry can be estimated by solving Eq. 1. Then, the calculated 
value of p, can be used to determine whether the depositing 
particles are stable. 

Forces exerted on the particles within a cake 
During filtration, the filter cake is compressed continu- 

ously by the solid compressive pressure due to the friction 
drag of the liquid. The forces exerted on the deposited parti- 
cles within a cake are analyzed to understand the course of 
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Figure 4. Forces exerted on the deposited particles. 

compression of the cake. Then, the variation of cake proper- 
ties can be simulated and is discussed in the next section. 

In this study, flow of filtrate within the cake is assumed to 
be one-dimensional flow; therefore, tangential shear force 
due to cross-flow of slurry is assumed to be only acting on the 
surface of the cake. The frictional drag exerted on the spheri- 
cal particles within a cake can be estimated by the result of 
Happel and Brenner (1965) as 

au(3+2y5) 
Fd = - 4 ~ p  

2-3y +3y'-2y6 (15) 

where y = 3 d m .  Thus, the drag exerted on the particles 
within a cake can be used to estimate when the local velocity 
of filtrate, u, and the local porosity of cake, E ,  are known. 

Figure 4 shows a sketch of particle packing in a filter cake. 
Since the forces exerted on the upper particles would be 
transmitted to the surrounded particles through the contact 
points, the forces exerted on particle i can be expressed as 

(16) 
i k 

where j represents all of the surrounding particles, which are 
located above particle i, while the k particles are located be- 
neath particle i .  The total forces, F' and Fj ,  are exerted on 
particles i and j ,  respectively; nii is the unit vector of the 
direction that is,parallel to the line connected with the center 
of particles i and j ;  Fik is the interparticle force between 
particles i and k;  Fid is the drag exerted on particle i ,  which 
can be estimated from Eq. 15; and Cg is the net gravity force 
on particle i .  Prior to calculating the total forces exerted on 
particle i by using Eq. 16, the forces exerted on all of the 
surrounding particles located above particle i should be cal- 
culated. Therefore, the force analysis of particles is carried 
out from the cake surface toward the filter septum, and the 
details of the analysis are given in the following section. 

Simulation of cake formation during a cross-flow filtration 
Two-dimensional (2-D) cake formation is quite different 

from the 3-D version due to the resulting configurations; 
however, 2-D simulation results can provide some help in un- 
derstanding the characteristics of the cross-flow filtration sys- 
tem. Based on the preceding force analysis, a numerical pro- 
gram was designed to simulate the particle deposition and 
migration within the formed cake during cross-flow filtration. 
The 2-D structure of the formed cake can be simulated un- 
der various operating conditions, which can provide the parti- 
cle-size distribution of cake and the variations of local cake 
properties. The flow chart of the simulation program is shown 
in Figure 5, and the procedures are described as follows. 

If the operating variables, such as the 
tangential velocity of slurry, filtration rate, and channel clear- 
ance, are known, the numerical method proposed by Lu et al. 
(1993) can be used to calculate the instantaneous flux of par- 
ticles that are transported and arrive at the cake surface, Nb. 
Since the ratio of the eddy diffusivity of particles to the eddy 
viscosity of fluid in our study is very close to 1 (Lu et al., 
1993), the particles that arrive at the cake surface have al- 
most the same size distribution as that of the initial slurry. 

Particle Generation. 

cake surface deposited position 
from L" Snd Mwng. 19931 L 

I + <*7,j 
trace the tra'ectories 

Figure 5. Simulation of cake formation in cross-flow fil- 
tration. 
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Thus, the number of particles instantaneously arriving at the 
cake surface, No, can be calculated accordingly if the density 
and the size distribution of particles are known. In the simu- 
lation process, the instantaneous number of generated parti- 
cles is the same as No. The size of particles that arrive at the 
cake surface is determined in accord with an exponential-type 

wi = NwAt ,  (19) 

where At is the incremental time. 
From the analysis 

of mass balance, the generalized expression of qi/q, for a 
variable pressure filtration is (Lu and Tiller, 1969) 

Velocity of Filtrate Flow within the Cake. 

random function, which may be available from the size mea- 
surement of the used particulate sample, while the initial lo- 
cations of particles transported to the laminar sublayer by 
turbulent eddies are determined by a generator with a ran- 
dom distribution function. 

As soon as the 
slurry particle arrives at the cake surface and touches the 
particle deposited on the cake surface, the friction angle be- 
tween the deposited particles, & is estimated to examine its 
stability. If p 5 & the particle will stably deposit at the point 
where it touches the cake surface; otherwise, it will be swept 
away from its contact point and may settle at another stable 
position downstream or be reentrained in the bulk flow of 
slurry. The strength of forces exerted on each deposited par- 
ticle and its deposited location are recorded for further cal- 
culation during the simulation. 

If a depositing particle is carried by filtrate and migrates 
into the pores of the cake, the deposited place of the particle 
will be determined by the simulation process in the same way 
as in dead-end cake filtration because of the assumption of 
one-dimensional flow in the cake, which is described in our 
previous article (Lu and Hwang, 1993). 

The local cake porosity is estimated after each time incre- 
ment. The ratio of the wet-to-dry mass of the cake on the 
cake surface is obtained accordingly. 

As the value of Nb is calcu- 
lated, the mass flux of particle deposition can be given by 

Particle Deposition on the Cake Surface. 

Mass of the Formed Cake. 

(17) 

where f o ( d p )  is the frequency distribution function of particle 
size in slurry, while P(d,) is the probability function of parti- 
cle deposition. For any specific particle on the cake surface, 
for example, particle B in Figure 1, P (dp)  can be seen to be 
the ratio of the area on which slurry particles can stably de- 
posit to the total area in which particles can touch the parti- 
cle, that is, 

The probability of particle deposition of each size is calcu- 
lated from Eq. 18 in order to obtain N, during the simula- 
tion. The mass of formed cake is therefore given by 

For a constant pressure filtration, the ratio of qi to q,  can be 
reduced to (Tiller and Cooper, 1960) 

qi l - m l s  e i -  E,, mi  -1 
q1 1-rns l - ~ , "  1 -ms  

+-- S. (21 1 _ = _ _ _  

The rate of filtration, ql ,  can be evaluated from the mass of 
filtrate; then, the value of qi can be calculated from Eqs. 20 
or 21. 

Since the local fluid velocity of filtrate within a cake can be 
given by 

or in a difference form, 

(22) 

the values of local porosity, ex, which are obtained in the 
previous and present time interval are used to estimate local 
fluid velocity by Eq. 22. 

The net force ex- 
erted on each particle within a cake can be calculated by 
using Eq. 16. For each contact point of a specific particle 
with a nearby particle, the net force exerted on the particle 
can be divided into two vectors, the directions of which are 
parallel and vertical to the line drawn through the centers of 
gravity of the two particles and the contact point, respec- 
tively. If the frictional force is not large enough to enable the 
particle to stick, the particle will roll off the contact point 
and move to the other location. The velocities and the dis- 
placements of separating particles can be determined by inte- 
grating Newton's second law of motion. 

After each time increment, the filter 
cake is divided into several layers to estimate its local poros- 
ity. For particles with irregular shape, the simulated packing 
porosity of spherical particles can be corrected by introduc- 
ing the shape factor of particles, and the value of its local 
porosity can be estimated according to Lu and Hwang (1993): 

Migration of Unstable Particles in Cake. 

Local Cake Porosiq. 

where esph is the porosity of the spherical particulate bed 
with the same hydrodynamic size distribution. 
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Figure 6. Experimental cross-flow filtration system. 

Local Specific Filtration Resistance. Comparing the Kozeny 
equation with the differential form of the equation of filtra- 
tion, the specific filtration resistance of a cake can be related 
to the porosity of the formed cake as 

(24) 

where So is the specific surface area of particles, which can 
be obtained from various experimental measurements. Since 
the Kozeny constant in Eq. 24 is given as (Happel and Bren- 
ner, 1965) 

and is a function of E, the value of k should be calculated in 
accord with the change in the value of local porosity during 
the simulation. Once the local porosity of the cake and the 
values of k ,  So, and ps are known, the value of the corre- 
sponding local specific filtration resistance in the cake can be 
estimated from Eq. 24. 

number base 

v -  

0 , 1 , , , , 1 , , 1 1 , , , [ , , , , 1 ( ( , , [ , , ( , 1 1 , , ,  

0 5 10 15 20 25 30 
d, x lo6 (m) 

(a) 

By repeating the steps just given, the variation of cake 
properties can be simulated for the entire path of a cross-flow 
filtration. 

Experimental Studies 
Cross-flow filtration experiments were carried out in the 

2-D cross-flow filtration system shown in Figure 6. The de- 
tails of construction of the filter can be found in the authors' 
previous article (Lu et al., 1993). A light CaCO, slurry of 
0.25-0.5 wt% was prepared and filtered under various oper- 
ating conditions. The shape factor of the CaCO, particles 
was 0.72, and their size distribution and shape are shown in 
Figures 7a and 7b, respectively. The weight of the received 
filtrate was determined by a load cell and was recorded by a 
personal computer during the experiment. The cake thick- 
ness was measured from the transparent acrylic upper plate 
of the filter by a vernier. As soon as the experiment was ter- 
minated, the filter cake that had formed on the filter medium 
was carefully scraped, the dry mass of the cake was deter- 
mined, and the particle-size distribution was analyzed by a 
Microtrac optical size analyzer. The average porosity of the 
cake was then calculated from measurements of the dry mass 
and the thickness of cake. 

Results and Discussions 
Critical angle of friction on the cake surface 

Once the interparticle force and the friction coefficient be- 
tween particles have been measured, the critical angle of fric- 
tion, pC, for each particle size can be calculated by using Eq. 
1. Figure 8 shows that the calculated values of p, vary with 
the filtration rate for three different sizes of spherical parti- 
cles. Since the attenuation of filtration rate will decrease the 
normal drag on particles staying on the cake surface, the value 
of p, also decreases as q decreases. These results also indi- 
cate that the larger the particle is, the smaller the value of /3, 
will be. This fact implies that a smaller particle will deposit 
on the cake surface more stably than will a larger one. 

w 

* a 
0 0 

8 

Figure 7. (a) Particle-size distribution of CaCO,; (b) particle shape of CaCO,. 
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Figure 8. Effects of q and dpa on p, of particle A. 

The effect of slurry velocity on the value of p, is demon- 
strated in Figure 9. For a given size of d,, a higher slurry 
velocity results in a smaller pC, which will make it more diffi- 
cult for particles to deposit on the surface of septum to form 
cake. 

Probability of particle deposition 
Besides the fact that the probability of particle deposition 

can be estimated from Eq. 18, it also can be predicted from 

9c 

6C 
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Figure 9. Effects of q and us on p, of particle A. 
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Figure 10. Probability of particle deposition on cake 
surface under various filtration rates in 
cross-flow filtration. 

the equation derived from a particle balance for the slurry 
arriving at the cake surface, that is, 

(26) 

where f,(d,) is the frequency function of the size d, in the 
formed cake, Each term on the righthand side of Eq. 26 can 
be obtained from experimental measurements, except the 
particle concentration at the cake surface, C,, which can be 
estimated by using the numerical method given by Lu et al. 
(1993). 

Figure 10 shows the plots of probability of particle deposi- 
tion against particle diameter under three different filtration 
rates. The curves shown in the figure were calculated by us- 
ing Eq. 18, while the points represent the experimental re- 
sults that were estimated from Eq. 26. These results clearly 
demonstrate that there exists a critical cut-diameter, dpc ,  for 
particle deposition under given conditions (Lu and Ju, 1989). 
As a result, particles with diameters smaller than d,, will 
deposit on the septum, and the probability of particle deposi- 
tion suddenly reduces to a negligible value when d ,  exceeds 
the value of dpc. This result confirms the existence of the 
selective cut-diameter in a cross-flow filtration (Lu and Ju, 
1989). 

Particle-size distribution in a cake 
In Figure 11, the variation of the particle-size distribution 

in the cake at x = 0.05 m during a cross-flow filtration is 
shown. At each setting for filtration time, the experiment was 
terminated, and the cake thickness and the particle-size dis- 
tributions in the cake surface layer were measured. The theo- 
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Figure 11, Variation of particle-size distribution in cake 
surface in a cross-flow filtration. 
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From the simulated results, the effect of tangential velocity 
on the cake surface porosity is shown in Figure 13. Since the 
packing of particles in a cake is a random process, the simu- 
lated results have scattered values under given conditions. 
Regressive analysis, however, shows that the porosity on the 
cake surface increases gradually with the increase of tangen- 
tial velocity. Figure 14 is a plot of simulated values of cl 
against filtration rate. It can be seen that a smaller q will 
result in a higher value of el since a smaller normal drag is 
exerted on the particles. 

Figures 15a-1% depict how the formed cake is com- 
pressed as filtration time passes by. Figure 15a is the packing 
structure of particles at the initial stage and is similar to Fig- 
ure 12. From the movemerit of the numbered particles in en- 
larged Figures 15a and 15b, one can see that the unstable 
particles in the original structure move toward the septum 
due to the drag forces, which results in a more compacted 
cake. The increase of fine particles near the septum with time 
in these enlarged pictures clearly shows that more fines will 
migrate toward the septum and construct a higher resistance 
cake. These simulation results demonstrate the fact that the 
attenuation of filtration rate in a cross-flow filtration is not 
only due to compression of the cake but also the fine migra- 
tion within the cake. retical size distribution of particles shown in the figure can 

be calculated as follows: The cross-sectional area and the ve- 
locity of slurry flow were corrected from the measured cake 
thickness. Based on the known conditions, the value of p, 
can be calculated from Eq. 1 and can be substituted into Eq. 
18 to calculate P(d,). Then, the amount of deposition for 
each particle size and the theoretical values of D(d,) can be 
estimated. Figure 11 shows that an upper layer of the cake 
(larger y )  has a smaller size distribution of particles. This is 
due to the decay of filtration rate during filtration. The figure 
also shows good agreement between the calculated results and 
the experimental data except for the case of t = 300 s. This 
result is probably due to an unclear critical cut-diameter for 
the case of smaller q at larger t (see Figure 10). 

Packing structure of particles 
Figures 12a-12c show the simulated packing structures of 

spherical particles (using the properties of CaCO,) on the 
cake surface under various conditions. The configurations and 
the size distributions of the deposited particles in the figure 
are quite different from the similar simulated results ob- 
tained in dead-end cake filtration shown in Figure 12d (Lu 
and Hwang, 1993) due to the existence of tangential flow. 
These figures show that the particles deposited in the form- 
ing cake at the initial stage in cross-flow filtration are packed 
with an angle with respect to the direction of filtration, and 
also show that the particle-size distribution of the cake in 
cross-flow filtration is always smaller than that in cake filtra- 
tion. The effect of the tangential velocity of slurry on the 
cake structure can be seen from the comparison of Figures 
12a and 12b. The larger the tangential velocity is, the smaller 
the cut-diameter; thus, in Figure 12b more small particles can 
be observed in the cake structure. By comparing the cake 
structures shown in Figures 12a and 12c, one can see how the 
rate of filtration also affects the cake structure; the smaller 
filtration rate clearly reduces the size of cut-diameter, and 
results in finer particles in the composition. 

Distribution of porosity in a growing cake 
In Figure 16, the simulated porosity distributions of a 

growing cake formed at x=O.15 m under the condition of 
us = 1.0 m/s and A P  = 2.6'7 X lo4 N/m2 are shown. From the 
curves shown in Figure 16, one can see that the filter cake is 
continuously compressed by frictional drag, which causes the 
local cake porosity to decrease gradually. These curves also 
clearly show that, in constant pressure filtration, the cake is 
compressed at a very early stage of filtration because the 
whole solid compressive pressure is exerted on the formed 
cake at the beginning of filtration; thus, the greatest variation 
of cake porosity is observed near the septum, and a flatter 
porosity distribution is seen near the surface. It is interesting 
to note that the porosity on the cake surface, E, ,  increases 
gradually as time increases, which is due to the fact that the 
attenuation of filtration rate during filtration results in a 
looser packing of particles (Figure 14). 

Figure 17 shows the variations of average cake porosity at 
x = 0.15 m during cross-flow filtrations under two different 
cross-flow velocities. In the range of our experiments, the fig- 
ure shows that the effect of us on E,, at a given x is nearly 
negligible. This may be due to the fact that the packing 
porosity of particles has almost the same value as u s  in- 
creases from 0.5 to 1.0 m/s (Figure 14). Since E, increases 
gradually during filtration (Figure 141, it can be found that 
E,, increases, too. In general, the simulated results agree fairly 
well with the experimental data for most periods of filtration; 
however, a larger deviation is found between the simulated 
values and the experimental data at the beginning of filtra- 
tion for smaller values of 14,.  This fact may be due to a slight 
underestimation of N, under the condition of small us by 
using the theory of Lu et <a]. (1993), which leads to a smaller 
No, and results in a higher calculated porosity of the formed 
cake. 

Figure 18 shows the profile of eaU of the formed cake in 
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the x direction at t = 1,000 s under the condition of u s  = 1.0 
m/s and A P = 2.67 X lo4 N/m2. Since both the tangential ve- 
locity of the slurry and the filtration pressure drop decrease 

strates that the simulation process can be used to predict cake 
formation in cross-flow filtrations. 

gradually along the x direction, the values of E,,  are almost 
the same along the direction due to these two contradic- Distribution Of SpeC$C firtration resistance in a filter cake 
tory effects. The good agreement between the experimental 
data and the simulated results shown in the figure demon- 

Figure 19 shows the simulated profiles of local a VS. cake 
= 0.15 m. The value of local (Y shows the high- thickness at 

suspension f l o w  > suspension f low , 

fil trate f low 
c 

filtrate f l ow  

suspension f l ow  > 

c 
fillrote f low 

suspension f low 

1 L L . L L L  
filtrate f low 

Figure 12. Packing structure of particles on cake surface under various operating conditions. 
(a) u s  = 0.86 m/s, q = 0.001 m3/m2s, A P  = 26,656 N/m2. (b) us = 1.72 m/s, q = 0,001 m-3/mzs, A P  = 26,656 N/m2. (c) u ,  = 0.86 m/s, q = 

0.0002 m3/m2s, A P  = 26,656 N/mz. (d) “Dead-end” cake filtration. 
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Figure 13. Effect of us on q. 

est resistance at the surface of the filter septum and de- 
creases abruptly in the y direction. For the cases with filtra- 
tion time greater than 500 s, the curve of local a vs. y shows 
an up and down profile, which is quite different from a 
monotonic one as seen in dead-end filtration (Lu and Hwang, 
1993), and the value of (Y at the cake surface may not be the 
lowest value. The value of (Y is not only affected by the value 
of the effective specific surface area, S, ,  of the cake materi- 
als, but is also affected by the value of the porosity of the 
formed cake. During cross-flow filtrations, the decrease in q 
causes the decrease in the diameters of the deposited parti- 
cles and also results in an increase in cake porosity; on the 
other hand, the decrease in the value of the tangential veloc- 
ity will also cause a decrease in porosity. Thus, the value of 
local (Y varies up and down near the cake surface with these 
opposing effects. 

In Figure 20 the variations of a,, with time at x = 0.15 m 

1.0 r 
1 

us = 0.86 V/S 
AP=2.67x 10 N/m2 

I 
0.6 _I I I I 

Figure 14. Effect of q on ei. 

,... . ,.,.,. ....,. _. . ... " ' i "  . 

Figure 15. Packing structure of particles in cake. 
(Operating condition: u ,  = 1.0 m/s, A P  = 2.67x lo4  N/mz,  
x = 0.15 m.) (a) t = 10 s; (b) I = 20 s; (c) I = 50 s. 

for two different cross-flaw velocities are shown. Since the 
high slurry velocity leads to finer particles in the formed cake, 
the case of u,=l.O m/s shows a higher value of a,, than 

0.8 

n 

-0.7 
I 
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0.6 c 

0.25 wt% CaC03 slurry 
= 1.0 rn/s 

AP .= 2.E7x'104 N/m 
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Figure 16. Variation of e profile in cake during a 
cross-flow filtration at us = 1 mls. 
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does the case us = 0.5 m/s. The experimental result of u, = 

0.5 m/s shown in the figure illustrates that the value of a,, 
decreases at the beginning of filtration and increases gradu- 

0.9 
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A 

W 
I 

6 
0.7 

0.25 wt% Ca$03 
AP= 2 .67~10 N/m2 
x = 0.15 rn 

Exp. Cal. 
u,=0.5 rn/s ._------ 
u.=1.0 m/s 

10 * 
t ys; 

10 a 

Figure 17. Variation of E , ,  with time under different us 
during cross-flow filtrations. 

- 0.70 l a  
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Figure 18. Profile of E,, in the x direction. 
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Figure 19. Variation of a profile in cake during a 

cross-flow filtration at us = 1 m/s. 
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Figure 20. Variation of a,, with time under different us 
during cross-flow filtrations. 

ally as t exceeds 1,000 s. This down and up variation may be 
due to the increase of E,, at the beginning of filtration as 
described in Figure 17 and the increase of finer particles later 
as described in Figure 11. The simulated result for the case, 
however, shows a monotonous decrease in aa, vs. time (see 
Figure 11). Comparing the simulated results and the experi- 
mental data, excellent agreement is observed for the case of 
us = 1.0 m/s, while quite a large deviation is found for the 
case of us = 0.5 m/s. The cause of this deviation is the under- 
estimation of N, as described in the discussion of Figure 17. 

Figure 21 shows the profile of a,, of the formed cake in 
the x direction under the same conditions as shown in Figure 
18. Since the size distribution of particles will increase along 
the x direction due to the decrease of the tangential velocity 
of the slurry, the value of aao decreases slightly along the x 
direction for a given filtration time. Good agreement can also 
be seen between the experimental data and the simulated 
results in the figure. 

Conclusion 
The forces exerted on depositing particles have been ana- 

lyzed and the values of critical friction angle calculated for 
given conditions. The probability of particle deposition and 

u.=1.0 m/s 
t = 1000 s 

-caI. 
exp. 

n 

0 20 40 60 80 
x XIO' (m) 

Figure 21. A profile of a,, in the x direction. 
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the particle-size distribution in a cake have been exactly esti- 
mated from the value of p,. A numerical program has been 
established to simulate not only the packing structure of par- 
ticles, but also the variations of the local cake properties dur- 
ing a cross-flow filtration. The effects of cross-flow velocity 
and filtration rate on cake formation have been discussed in 
detail. The calculated average cake porosity and average fil- 
tration resistance agreed fairly well with the experimental 
data. 
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Notation 
h ,  =distance between particle A and porous medium, m 
L =cake thickness, m 
m =weight ratio of wet to dry cake 

A P  =total pressure drop of filtration, N/m2 
P, =pressure below which porosity is constant, N/m2 
P, =local solid compressive pressure, N/m2 
s =concentration of slurry 

us  =average cross-flow velocity of slurry, m/s 
x =coordinate which direction parallel to the tangential flow of 

y =coordinate which direction parallel to the growth of cake 
slurry 

Greek letters 
a =specific filtration resistance, m/kg 
p =viscosity of fluid, kg/s - rn 
p =density, kg/m3 

Subscripts 
i =properties at the surface of filter cake 
j =properties in the j th layer of filter cake 
s =solid 

w =property at septum surface 
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